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Side Moment Exerted by a Two-Component Liguid
Payload on a Spinning Projectile

Charles H. Murphy*
U.S. Army Laboratory Command, Ballistic Research Laboratory, Aberdeen Proving Ground, Maryland

A linear boundary layer theory for two liquids in a cylindrical cavity in a coning and spinning projectile is
derived. Predicted eigenfrequencies agree well with available experimental results. Side moment coefficients are
computed for various cases. It is shown that significant increases in the single-liquid side moment can be caused
by the addition of a small amount of heavier liquid, and for certain locations of the liquid interface, pairs of
eigenfrequencies can coalesce. Good agreement between predicted side moment and recently measured side mo-

ment is also shown.

Nomenclature
a =radius of the cylindrical cavity containing the
liquids
b, =radius of the interface of the two liquids for
K,=0
b, =radius of an air core (or central rod) for
K,=0
c = half-height of the cylindrical cavity containing
the 11qu1ds
Cum =liquid in-plane moment coefficient
Crsm =liquid side moment coefficient
=1— (b,/a)?, the fill ratio
K =K, (0)e®1©®
K, (1) =amplitude of the coning motion
my =2mp,a*c, the liquid mass in the cavity fully

filled with liquid 1

M,3,M,; =Y, Z components of the liquid moment

N =py (9 /v)"

N, =number of terms considered in summing for
k=1,3,5,... @N,~1)

P =liquid pressure

p; =pressure perturbation in liquid j

Dji =inviscid part of p;

Dy =pji— (F#/a®)K

Py =viscous part of p;

r =radial coordinate in the inertial system

F =radial coordinate in the aeroballistic system

Ref{ } =real part of { }

Re; =a*¢r;!, Reynolds number for liquid j

s = (e+1i)7

S =52 —-2is+3

Skn =eigenvalues of s: the values of s that make the
determinant of the least squares equations for
Eq. (56) zero

t =time

u;,v;,w; =x, r,  components of the liquid j velocity
perturbation
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Wiy Vjis Wi =ix_1viscid part of u;,v;,w;
U, vj,,,w =viscous part of u;, v;, w;
Vs Viys Vi =X, r, 8 components of the liquid j velocity

x =axial coordinate in the inertial system

x =axial coordinate in the aeroballistic system

XYZ =inertial Cartesian axes, the X-axis tangent to

o the trajectory at time zero _

XYZ =aeroballistic system Cartesian axes, the X axis
along the missile’s axis of symmetry _

& =angle of attack: the projection in the XZ

_ plane of the angle between the X and ~X~axes

B =angle of sideslip: the projection in the XY
plane of the angle between the X and X axes

04 =complex radial displacement thickness

8, =complex axial displacement thickness

Ap; = fluctuating part of the inviscid pressure

€ = (Kl/K 1)¢1 , nondimensionalized damping

€ =exp[ (b, —a)/ad, ]

€ =expl[ (b, —b)/ad,}

n; =dimensionless perturbation of liquid interfaces
due to coning motion

0 =azimuthal coordinate in the inertial system

] =azimuthal coordinate in the aeroballistic
system

N =‘‘average”’ value of N\

Nk = (7rk/2)(1 +6.)

Nk =[S¥/(A+is) ]\

i =v;,p;, dynamic viscosity of liquid j

v; =kinematic viscosity of liquid j

0; =density of liquid j

P = density ratio, p,/p, <1

T = ¢,/$, nondimensionalized frequency

Tin = eigenfrequency for modes k and n; the im-
aginary part of s,

¢ =dimensionless time, ¢¢

1) =spin rate relative to inertia axes

¢, () =phase angle of the coning motion

Subscripts and Superscripts

=endwall
Jj =liquid no. (1 heavier, 2 lighter)
k =axial mode no. 1, 3, 5, ...2 N, —1)
{ =lateral wall
n =radial mode no. 1, 2, 3,...
D =pressure component
v =viscous (wall shear) component
) =d( )/dt
() =d( )/dr



JAN.-FEB. 1987

1. Introduction

HE ability to predict the complete moment exerted by a

spinning liquid payload on a spinning and coning projec-
tile has been a problem of considerable interest to the Army
for some time. For a fully spinning liquid, the linear side mo-
ment was first computed by Stewartson! for an inviscid
payload by use of fluid oscillation eigenfrequencies deter-
mined by the fineness ratio of the cylindrical container.
Wedemeyer? introduced boundary layers on the walls of the
container and was able to determine viscous corrections for
Stewartson’s eigenfrequencies, which could then be used in
Stewartson’s side moment calculation. Murphy? then com-
pleted the linear boundary layer theory by including all
pressure and wall shear contributions to the liquid-induced
side moment. The Stewartson-Wedemeyer eigenvalue calcula-
tions have been improved by Kitchens et al.* for low Reynolds
numbers through the replacement of the cylindrical wall boun-
dary approximation by a linearized Navier-Stokes (NS) ap-
proach. Next, Gerber et al.> extended this linearized NS
technique to compute better side moment coefficients for
Reynolds numbers less than 10,000. Finally, the roll moment
for a fully spun-up liquid was computed by Murphy.”-8

An important limitation of this work has been the restric-
tion to a single liquid in the payload. Scott® derived relations
for eigenfrequencies for two inviscid liquids and obtained fair
experimental agreement. For Scott’s inviscid liquids, the
tangential perturbation velocities have discontinuous jumps at
the two-liquid interface.

In this paper we will consider two viscous liquids, although
we will restrict our consideration of viscosity to boundary
layers near the cylinder inner surfaces and near the two-liquid
interface. The remainder of the liquid will be considered in-
viscid. Under these assumptions, side moment coefficents and
eigenfrequencies will be computed.

II. Liquid Boundary Conditions
Two coordinate systems will be used in this paper: the

nonrolling aeroballistic X¥Z system, whose X axis is fixed
along the missile’s axis of symmetry, and the inertial XYZ
system, whose X axis is tangent to the trajectory at time zero.
Both coordinate systems have origins at the center of the cylin-
drical payload cavity, which is assumed to be at the center of
mass of the projectile. Location in the cavity can be specified
by the cylindrical coordinates ¥, 7, and ¢ in the aeroballistic
system, and by x, r, and 8 in the inertial system. The boundary
of the cavity is given by X= +c and #=a, where 2c is the
height of the cavity and 2a is its diameter. The projectile is
assumed to be performing a coning motion of amplitude
K, (¢) and a phase angle ¢, (¢). If & and (3 are the angles of at-
tack and side-slip of the missile’s axis with respect to the tra-
jectory (the X axis), then

B+ia=K,e* =Ke® 6}

where ¢=¢t, s=(e+i)r, K=K (0)e*1 (0, 7=4/4,
rep=K,/K,, and ¢ is the axial component of the angular
velocity relative to inertia axes and is assumed to be positive
and constant. Linear relations between cylindrical coordinates
in the two coordinate systems were derived in Ref. 3 as

F=x—rK,cos(¢, —0) =x—rRe{Kes} [9))
F=r+xK,cos(¢, —0) =r+xRe{Ke*) 3)

0=0+ (x/r)K,sin(¢, —0) =0 — (x/r)Re{iKe*} )

where Re{ }=[{ }+({ }1/2 is the real part of a complex
quantity. '

The two liquids have densities p; and p, (o, =p,) and
kinematic viscosities »; and v,. When the liquids are fully spun
up and K, =0, liquid 1 -occupies the cylindrical annular region
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b, =r=ua and liquid 2 occupies the cylindrical annular region
b, =r=<b,. The fill ratio fis the ratio of the volume of the an-
nular region containing both liquids to that of the complete
cylinder, i.e., 1— (b,/a)?. The surface r=>b, is either a free
surface or the surface of a rigid central rod. The free surface
boundary will be considered in this paper (the central rod is
?iscussed in Ref. 10). For a fully filled cylinder, b, =0 and
=1.

When the cylinder is forced to perform a coning motion, the

interface between the liquids is located at

ri=b(1+1;) | ®
where Iy, (x,0,¢)| <1 and the free inner surface is located at

ry=by(1+n,) ©)
where |9, (x,0,7)1 <1.

The velocity components in the two liquids have a very sim-
ple form: )

V,;=Re{u;e®~?}ad Q)
V,;=Re{v,e*~?}ad ®)
Vo =ér+Re{we*~?}a¢p ©)

where j=1,2.
The fluid pressure, however, has a more complicated form:

. [ r2—b3 ) .
—P0+p2¢>2[ 5 2]+Re{pze""“"}p2a2¢2, rsrsr
L[B-B . L [P-B
o+ 020 > 019 >
+Re{p,e®~#}p,a2d?, r <r=<a 10)

If we assume the small perturbation of the interface surface
has the same form as the perturbation velocities, then

m =Refd, (x)e?~?} (11)

By using Eqgs. (5) and (11), the equation of the interface sur-
face is

F(x,r,0,t)y=r—b; —Re{bH;e* %} =0 (12)

At the interface, the two liquids have the same velocity, i.e.,
the velocity of the interface itself.

dF OF  3F Vy OF OF
=2 L0 (13)

'_ s T U + —
dt Yoax Yor r 90 o
When only linear terms are retained, this reduces to

avy (b, x)  avy(b,x)
- s—i

‘ by (x) = (14)

Similarly, the perturbation of the inner surface has the form

‘wz(bz,x)

by, (x) = —;

15

where 7, =Re{#,e 7],

In addition to three continuous velocity components at the
interface, we require that the pressure and the two viscous
shears are continuous at the interface. Equations (10) and (14)
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yield a simple pressure relation at the interface:

byv, (bnx)]
as—iy 4 U9

bv; (by,x)

D (b.x)+ aG—1)

=P21 [Pz (b1, x)+

where p,; =p,/p,. If only velocity gradients normal to the in-
terface are considered, the continuous viscous shear assump-
tions imply that

du  (by,x)  duy (by,x)
H ar TH ar

an

ow, (by,x) Aw, (by,x)
1431 =M

18
or ar as)

At the cylinder surface, the liquid must have the rigid body
motion of the cylinder:

u = (s—iHK 19
v, =—(s—i) (x/a)K (20)
w, =i(s—i) (x/a)K @n

Finally, at the free surface, the pressure is constant and the
viscous shears are zero:

b,v;, (by,x) -0

P2 (byx) + 2L @)
nzi’f’—zlabf’—x)ﬂ 23)
20X g @4

ar

HI. The Inviscid Solution

The perturbation functions are written as sums of viscous
and inviscid parts: i

U =uj+u, W=Wj+ W,
Vi =0+ U, Pi=Dji+ Py (25)

Table 1 Inviscid perturbation functions®

pji=— [(i=)2 (x/c) (/@) + TRy (Msin (\jex/e) ] (c/a) K
ujp= = [(i=5) (r/a) + (i=5) " TRy Mccos(ryx/c) 1K
vji=[(i=9)*(i=5) =1 (x/c) + IRysin (/) 1 (/@) K
W= [—i(i=5)2 (i +5) =1 (x/c) + IR,y sinhx/c) ] (c/a) R
Ry =EpJ (A +Fy Y (9

Ryje=1(s—i)aRj —2i(a/rR; 18!

Ry == [2aRj; +i(s—1) (a/r)R; ]S~

f=>:jkr/c

. s
Nje== [ (s—1)? ])\’2"

S=s2—2is+3;and J 1 and Y are Bessel functions of order one of
the first and second kinds, respectively.

4The conditions for the E 'i%’s and Fy’s are given in Sec. V. Note that the
definitions of Ej and Fj in Ry differ from those of E; and F in Ref. 3.
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The differential equations for the inviscid functions of each
liquid are the same as those for a single liquid and the solu-
tions have the same form.?

More specifically, the pressure and velocity perturbations
are expressed as the sum of products of functions of x and r.
The functions of x are 1, x/a, sin(\,x/a), and cos(\;x/a),
where

N = (wk/2) [1+64]1; k=1,3,5...2N,—1)  (26)

_ —(a/c)(1+i){ 1~is i(3+is) "

YT va i) U VBl T Vish }Ref @7
y

Ref:i,,g 28)

J

The specific expressions for pressure and velocity functions
are given in Table 1.

IV. The Viscous Solution

In Ref. 3, the viscous parts of the perturbation variables
were important only in a small region near the cylinder wall
and the endwalls, and these functions were computed by the
use of unsteady boundary layer equations in these regions. It is
reasonable to expect that the viscous parts can also have con-
tributions near the liquid interface and that derivatives in the
radial direction are much larger than those in the circumferen-
tial or axial directions. Thus, we will assume that the viscous
functions away from the endwalls satisfy the same equations
as those for the cylindrical wall boundary layers.?

Pw,

(s—i)w;,=a’Re;! ar2’” (29)
. . 0%u;
(s—i)u;, =a*Re; ‘——arzf" (30)
LYY
a~§ir’i=2wju @1
a(rvy,) . u;
———ar’ =iw;,—r 3;) (32)
The solutions to Egs. (29-31) are
(Wipst1sD1y) = (W0, 10,284 Wig)e'r =9 %ar
+ (W, — 28, Wy e b1)/abq (33)
(WaysUnys P2y ) = (W) 511,205 Wy Je 010 2002
+ (Wypslny, — 28,5 Wpy ) e~ V=01 %0 (34)

where

1+ Re- ¥

KT

and the eight coefficients u, w;, are functions of x. Four con-
ditions on the coefficients come from the continuity of tangen-
tial velocities and shears [Eqgs. (17) and (18)] at the interface

AW+ Wige + Wy — Wy — W€, =0 35)
Au;+uyge; + Uy — Uy —Uype; =0 (36)
Wig€) — Wy =N(Wy — Wye,) (37
Uyo€; — Uy =N(uy —upey) (8)
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where
Aw; = [wy;—wyl,p,

Auy=[uy =ty ,=p)
e, =exp[ (b, —a)/ad, ]
€, =exp[ (b, —b;)/ad,,]
N=py N,/
Four more conditions come from the no-slip condition at

the cylindrical wall [Eqgs. (19) and (21)] and the no-shear con-
dition of the free surface [Eqs. (23-24)1:

Wy (@,X) +wyo+ w6, =i(s—i)K(x/a) (39
Uy (@,x) + g+ uy e, = (s—i)K (40)

Wy €y — Wy =0 1)

Uy e — Uy =0 “42)

Equations (35-42) can now be used to determine the eight
coefficient functions. If the total liquid occupies an annular
region that is thicker than ten boundary layer thicknesses, the
product €, ¢, is quite small and can be neglected. The resulting
expressions for the coefficient functions are given in Table 2.
If the liquid interface is more than ten boundary layer
thicknesses from both the cylindrical surface and the free sur-
face, both ¢, and ¢, are very small and can be disregarded in
Table 2.

The third component of Egs. (33-34) can be used in con-
junction with Eqs. (37) and (41) to yield general relations for
the viscous perturbation pressures at the three boundaries:

D1y (@/x) =28, (wyo— wy€)) 43)
D1y (B1,X) =py P2y (B1,X) (44)
p2v(b2’x) =0 ' 45)

In order to compute the viscous radial velocity, we must use
an inequality involving the magnitude of a complex ex-
ponential:

Ar { Ar } l
_exp — =
a ad,;

A
_rexp{_ Ardg ] |

» a ald,;1?
I5,/12 i
= = 18,1 for e<lIr='-1i/10 (46)
dre
where
8y =dp+id;, dg>0, ld;| = ldg! [1- 1” , Ar>0
-7

The first two components of Egs. (33-34) can now be
substituted in Eq. (32), which can now be integrated to find
v;,. Simplification by use of inequality (46) and neglecting
|6,; 1 terms yields:

rvy, =ad, {vyee expl(r—a)/ad, |

+vyeexpl—(r—by)/ad, 1} “n

rvy, =ady, {vye exp[(r—>b,)/ad ;]

+vyeexpl—(r—>50,)/ad,1} (48)
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where vy =iwg—aujy, vy == [iw;—bu{|], vy =iw,y
—byu3y, and vy, = — [iwy, — byuz .

Equations (47-48) can now be used in conjunction with Egs.
(37), (38), (41), and (42) to give relations for the radial viscous
velocity at the three boundaries:

v (a,x) = [vg+v,€,18, 49)

U1y (By,X) =021 U3y (D1,X) = pgy [0y + 620551 (a/b1)8,,  (50)

020 (b30) =0 5D

where v, are given in Table 2 [Eq. (46) was used to simplify
entries in this Table].

V. Inviscid Boundary Conditions

In the previous section we used eight of the twelve liquid
boundary conditions to determine the viscous perturbations in
terms of the inviscid perturbations. We will now completely
determine the inviscid perturbation by use of the remaining
four conditions—Egs. (16), (20) and (22), and v,, = v, at the
interface. These conditions can be simply stated using Eqgs.
(44), (45), (50), and (51):

atr=a
vy + vy, = (i—5) (x/a)K (52)
atr=>5,
bivy; byvy;
pu+ a—h Pn [Pzi +W] (53)

Table 2 Viscous coefficient functions for internal free surface

Wwio={[1+N+ (1-N)e} 1w, + Ne;Awg; } D!
wip=((1=N)eyw, —=N(1-e3)Awg;} D!
Wy = {2e;w, + (1 +eD)Awg ) D!

Wy, =€ Awy D!

uo=1{[1+N+ (1-N)e3lu, + Ne,Aug; D~
Uy = {(1~N)elua—N(1—eg)Ausi}D—l

Uy = (2equ, + (1+eD)Aug,} D!

Uy =€ Aug D!

vio={[1+N+ (1-N)&}]v, + Ne,a*} D!
vy ={— (1-N)eyu, + N(1—e})A*} D!
vy = {260, + (1 +eD)A*)D !

Uy = —;A*D !

where
wo=i(s~i) (x/a)K~wi;(a,x)

U, = (s—i)I?—-uI;(tz,x)
. . [6(rvl,-)]
V= (s (x/a)K— | ——
or r=a

D=14+N+ (1-N) (e} +€3)

, [6(rv1,») 8(rv2i):|
P i LA 1
ar ar lr=b,
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vy =g+ (1= pyy) 03, , (54)
and at r=>b,
byvy
i +———————=0 55
D a(s—1) (55)

Equations (52-55), with v, and v,, set equal to zero, were
used by Scott® to obtain eigenfrequencies for a completely in-
viscid liquid payload. As can be seen from Table 1, for each k;
four constants must be established to completely determine
the inviscid perturbation functions, i.e., E,,, E,., Fy, and
F,;. [For the special case of 100% filled cylinder (b, =0), Fy;
is zero and, instead of 4N, constants, only 3N, constants re-
main to be determined.

When the expansions for the inviscid pressures and velo-
cities in Table 1 are inserted in Egs. (52-55), four equations in
4N, unknowns are obtained in the following format:

F;=b;(x) Jj=1,234 (56)

where
F; =LE; Ay (x) + LEy By (x)
+EXF Cpy(x) + EFZkaj (x)

If R? is defined as

4
R>= ), (Fj—b;)? y)

Jj=1

the least squares fit conditions can be derived in the usual way.
In calculations of this paper, N, wds 9 and a 36 X 36 matrix
had to be inverted to determine the 36 parameters in Eq. (56).
If v, =», and A, =\,;, the one large matrix inversion can be
replaced by inversions of nine 4 X 4 matrices.}

VI. Liquid Moment

For coning motion described by Eq. (1), the linear liquid
pitch and yaw moment is defined to be3

M,y +iM; 5 =m; a*$?7(Croy + iCpiy ) Ke™® (58)

where m; =2mp,a%c. . )

The major components of this liquid moment are due to the
pressure on the lateral wall and endwalls of the container.
Lesser components result from the viscous wall shear on the
lateral wall and endwalls. Thus, the liquid moment coefficient
can be given as a sum of four terms. (For simplicity, these
terms will be computed for the center of the cylinder at the
center of mass of the projectile. More complete expressions
are given in Ref. 3.)

T(CLSM +ICLIM) =mp1+mpe+mug+mve (59)

By using Eqgs. (2-4) and (10), the linear periodic part of the
pressure can be computed in cylinder-fixed coordinates

W:Re{ (5, (F%) e} for b, <F<a
(4

=py Re{ [Py (FX)1e%-?}  forb,<F<b, (60)

where p; (7, %) =p; (F,X) — (7F%/a*)K.
The inviscid pressure [Eq. (60)] and the viscous lateral wall
pressure caused by thé centripetal terms in the boundary layer

tAll the calculations presented in this paper are for this simple case.
A computer code for vy # v, is available for the VAX and some results
are given in Ref. 10.
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[Eq. (43)] can be integrated to yield the pressure moment
coefficient on the lateral wall.

mpe=i(2ac12)"‘S_ci[ﬁl,-(a,f)-l-pw(a,f)]df (61)

where p,, (a,%) =26al (Wio — Wi1€1)-

Since the viscous pressure on the endwalls is zero, the ex-
pression for the pressure moment coefficient on the endwalls
is slightly simpler:

. N a . . by - .
My, = —i(a*cK) =} {gb Bu(Fe)PAF +py, Sb pzi(r,c)r'zdr"}
1 2

(62)

The visocus moment coefficient on the lateral wall can be
computed by using Eq. (33).

N [
my = (2acKRed,,) 7! S_c Lia (g — € 2y} + T Wy — €, wyy ) 1dX

(63)

The viscous moment coefficient on the endwalls is a little
more difficult to compute since a change in kinematic viscos-
ity, as well as a change in density, can occur across the inter-
face. The relations of Ref. 3 can, however, be used to obtain
the following result:

i+s ul o by o
m,, = 7E Re; Sbl wl(F)rdr+NSb2 w, (FYFAF| (64)

where w; (7) =2(1 +is) (c/a) K—wj (F,c) +iv; (Fc).

VII. Discussion

For specified s, the least squares fit of Egs. (52-55) yields
values of E,;, E,i, Fi, and F,, for k=1,3..., N,. These
values in turn determine the & component of the liquid mo-
ment. Values of s that make the k& component infinitely large
are called eigenvalues, s,,, where & is the axial mode number
and # is the radial mode number. The imaginary parts of the
S’s are eigenfrequencies, 7;,, of the transient motion in the
liquid, and the real parts are the damping rates of that motion.
When the forced coning motion of the projectile has a fre-
quency near one of the above eigenfréquencies, the liquid side
moment has a local maximum. For this reason, the eigenfre-
quencies are of considerable interest to a projectile designer.
The equations of this paper have been coded for the VAX
11/780 computer, and eigenfrequencies can be computed for
specified values of c/a, Re, k, p,;, N, b,/a, and b,/a.

0.08

0.06

0.04

Ty

0.02

Fig. 1 73 v$ by/a for Re; =2x10°%, ¢/a=3.127, py; = .82, vy =1,
and various free surface fill ratios (experimental data are from Ref. 9).
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b, /a
. 0.00 L Il ) ] 1 |
Fig. 2 73, vs by/a for Re; =4x10%, ¢/a=3.1, f=1, »;=»,, and 0 02 04 06 08 1
various density ratios. b /0 ) '
1

0.0 1 L 1 1 }
0 02 04 06 08 1
b, /a

Fig. 3 13, maximum side moment coefficient vs b;/a for
Re; =4x10%, c/a=3.1, f=1, », =»,, and various density ratios.

Scott’s experimental data were for c¢/a=3.127, Re, =
2x10%, o, =.82, »,=v»,, and f=0.9, 1. (The second, third,
and fourth columns of Scott’s Table 1 are mislabeled in Ref.
9. In his notation, they should be identified as d/c, bdc~?, and
adc=2.) In Fig. 1, his data are compared with the theory of this
paper and we see that the maximum error is 14%. In Ref. 3 it
was found that much better fits could be obtained by using a
slightly different value of the fineness ratio. Indeed, effective
fineness ratio values that were 0.5% greater than the measured
value would provide excellent agreement with the data of that
paper. In Fig. 1 it is shown that a 0.7% greater fineness ratio
(c/a=3.150) gives excellent agreement for six different
experiments.

In Figs. 2 and 4-6, computed eigenfrequencies for a com-
pletely filled cylinder (b, =0) are plotted as functions of b,/a
over the range zero to one. For zero, the cylinder is filled with
the heavier liquid, and for unity, it is filled with the lighter li-
quid. Since the single-liquid eigenfrequency is not a function
of density, the eigenfrequency at the two extremes of b,/a
should equal the value predicted by the Stewartson-
Wedemeyer theory. In all cases computed, this is found to be
true.

An important characterisic of an eigenfrequency is the oc-
currence of a maximum side moment coefficient for a coning
motion with constant damping and a frequency near the eigen-
frequency. The theory of this paper was used to compute the
maximum side moment coefficients for the conditions of Fig.
2, and the constant amplitude coning motion with frequency
near 7,,. The resulting curves are given in Fig. 3, and have a
number of interesting properties.

As b,/a varies from 0 to 1, the heavier liquid is replaced by
the lighter liquid. Since the side moment is defined in terms of
the density p, of the heavier liquid, a requirement for our

Fig. 4 73 and 75, vs by/a for Re; =4x 10%, c/a=3.1, f=1, py, = .4,
Vy=vy.
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Fig. 5 74 vs by/a for Re;=10%, c/a=4.29, f=1, v, =»,, and
various density ratios.

Cism (b,/a) is that

Crsm(1)=p,; Crsm(0) (65)

This requirement was satisfied by our calculations. It is im-
portant to note that as b,/a goes to 1 in the region
b,/a<1-318, I, the apparent limit value of the liquid side
moment coefficient is quite different from its value at the wall.
Thus, a small amount of the heavier fluid can have a very
noticeable effect on the side moment. '

When b,/a is quite close to unity, the free boundary layer
associated with the interface merges with the lateral wall
boundary layer to form a boundary region. As long as the
derivatives normal to the wall are much greater than the
derivatives along the wall, the solution given by this paper
should be valid. Even if this boundary region is improperly
computed, it would affect only the details of its variation with
amount of impurity; it would not affect the large change in
C\sm caused by a small impurity.

An interesting feature of the p,; =.4 side moment coeffi-
cient curve is the presence of two small peaks. It seems: likely
that this is caused by the equality of 7;; and 75, at these loca-
tions of the interface. Figure 4 compares the dependence of 7,
on interface location with that of 75, for p,; = .4. For n=1, the
eigenfrequency has one maximum, while for n=2, the cor-
responding eigenfrequency has two maxima; for this density
ratio, those eigenfequency curves do intersect. Since the real
parts of the corresponding eigenvalues are not equal, the
eigenvalues are not equal even when the eigenfrequencies are
the same.
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Fig. 6 75, maximum side moment coefficient vs b,/a for Re; =10°,
c/a=4.29, f=1, v; =v,, and various density ratios.
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Fig. 7 Damping rate, —er, vs 7 for Re;=5.34x10°, f=.89,
P21 =0.812, vy =v,.

The coalescence of eigenfrequencies for special interface
locations also occurs for the fineness ratio of 4.29, extensively
studied by D’ Amico and Miller.!!3 For this case, the primary
eigenfrequency of interest is 7,, and is plotted in Fig. 5 for
three density ratios. This eigenfrequency has two maxima
(since n=2), and it has the single-liquid value for b;/a=0,
0.49, 0.89, 1.0 for all density ratios. In Fig 6, the 7,, maximum
side moment coefficient is plotted against b,/a for three
density ratios; all three curves show the presence of an eigen-
frequency coalescence (the other eigenfrequency is 74 3).

Measurements of gyroscope damping rate produced by a
mixture of oil and water have recently been made by Kayser et
al.’ For a mixture of 15% silicon oil and 85% water, this
damping rate is plotted against 7 in Fig. 7. This mixture oc-
cupied 89% of a cylindrical container mounted in the
gyroscope. The theoretical side moment can be used to predict
the damping rate. This prediction is shown as the dashed
curve. The shape of the curve is good, but there is a frequency
bias of 0.0025. This bias corresponds to changing the fineness
ratio 0.3% from the actual value of 3.126 to an effective value
of 3.135. (This purely empirical effect of a small repeatable in-
crease in fineness ratio has been observed frequently and ef-
forts to find a theoretical basis are continuing.)

J. GUIDANCE

VIII. Conclusions

The linear boundary layer theory for the response of a lig-
uid payload to spinning and coning motions has been extended
to the case of two liquids. With the exception of an unex-
plained frequency bias, this theory predicts eigenfrequencies
and side moments which agree very well with the results of ex-
periments. For certain locations of the liquid interface, the
theory shows that pairs of eigenfrequencies can coalesce. The
theory also predicts a significant change in side moment
caused by the presence of a small amount of heavier liquid.
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